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Lie bracket

XYZinxleftMright

a bilinearity abinmathbbR then

leftaXbYZrightaleftXZrightbleftYZrightleftzaXbYrightaleftzXrightbleftzYright
a Anti symmetry

leftXYrightleftYXright

c Jacobi identity

leftXleftYZrightrightleftYleftZXrightrightleftZleftXYrightright0
future LxYleftXYright



d forallfginCinftyleftMright
leftfXgYrightfgleftxyrightleftfXgrightYleftgYfrightleftXright

Proof a and b from the dat

c let finCinftyleftMright be arbitrary

leftXleftYZrightrightfleftYleftZXrightrightfleftZleftXYrightrightf
XleftXZrightfleftYZrightXfYleftZXrightf
leftZXrightYfZleftXYrightfleftXYrightZf
xyzfxzyfyzxfzyxfyzxfyxzfzxyfxzyf
zxyfzyxfxyzfyxzf

all term cancel pairwise
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d again a computation
Let hinCinftyleftMright arbitrary

leftfxgyrighthleftfxrightleftgyrighthleftgyrightleftfxrighth
leftfxrightleftgyhrightleftgyrightleftfxhrightfgleftxyhrightfleftyhrightleftxgrightfgleftyxhright

gleftxhrightleftyfrightfgleftxyrighthleftfxgrightleftyhrightleftgyfrightxhproduct

ruleq

RHS

relation of lie bracket and
F related f f

Prop Naturality of
Liebracket

Let FMrightarrowN be a smoothmap
b w cinftymanifolds

and let X1X2inXleftMright which are F related

to y1y2inxleftNright respectively



Then leftx1x2right is F_related to lefty1y2right

Proof we'll use the criteria that

Xand
searrow are F related forallfinCinftyleftNright

chileftfcircFrightleftyfrightcircF

X1X2leftfcircFrightX1leftX2leftfcircFrightright
x1leftlefty2frightcircFright

X2F relatedto J
backslash

2

lefty1y2frightcircF
x1 is F relatedto

searrowI

chi2chi1leftfcircFrightlefty2y1frightcircF

Rightarrowleftx1x2rightleftfcircFrightX1X2leftfcircFrightX2X1leftfcircFright
lefty1y2frightcircFlefty2y1frightcircFleftlefty1y2rightfrightcircF



Prop
a pushforwards of Liebracket

suppose FMrightarrowN is a differ and X1 x2

inXleftMright their

Fleftx1x2rightleftFX1FX2right
Proof previous prop

w F being the diffeo

b Bracketof v f tangent
to submanifolds

Let Mbe cinftyand let S
be an embedded

submanifold of M If
searrow1 and Y2 are

smoothvf on M that are tangent t Sthen

lefty1y2right is also tangent to
S

Use FiSrightarrowM in thepreviousproof
proposition



Integral Curves and flowsof
vector

fieldsIntegralCurves

Suppose M is a
C manifold If gammaJrightarrowM

is a smooth cure on M then the velocityvector

gammalefttrightinTgammalefttrightM
what can we say

about the reverse process

If VleftarrowxleftMright can we come up w a curve

r s t the velocity vector image of
V

Def Let VxleftMright An integral curve of

V is a differentiable
curve gammaJrightarrowM sit

gammalefttrightVgammalefttrightforallzinJ
If oinJ then the point

gammaleft0right is called the

starting point of
gamma



e g
1 MmathbbR2 and leftxyright be the

coordinates

het VfracpartialpartialxinxmathbbR2
Then gammalefttrightleftatbright a b constants

is an integral curve forV

note any leftpqrightinmathbbR2 then exists integral

curve of V starting from
leftpqright

gammalefttrightleftptqright
any integral

curves of
V are either

identical or disjoint



2

WxfracpartialpartialyyfracpartialpartialxinxleftmathbbR2right
If gammamathbbRrightarrowmathbbR2 is a curve gammaleftfrightleftxlefttrightylefttrightright

were an integral curve for W
then

gammalefttrightWgammalefttrightxlefttrightfracpartialpartialxgammalefttrightylefttrightfracpartialpartialygammalefttrightxlefttrightfracpartialpartialygammalefttrightylefttrightfracpartialpartialxgamma

we must have

xlefttrightylefttright
ylefttrightxlefttright

Rightarrowxlefttrightacostbsint
ylefttrightasintbcost

Aib are constants

Rightarrowpartiallefttrighta cos tb si
1
n t1 asint boost

is an integral curveof W starting
at leftabright



note given any
ab inmathbbR2 integral

cume 8 of W which starts at leftabright

imagesof
various integral curves

are either identical or

disjoint.Given
any

VinxleftMright finding integral
curveof

V boils down to solving
a systemof

ordinary
differential 9

ODEs

ieifUsubseteqMn coordinate chart on
M their

gammalefttrightleftgammalefttrightldotsgammanlefttrightright
so for 8 to be an integral curve of r

we want
gammalefttrightVleftgammalefttrightldotsgammanlefttrightrightgamma2lefttrightV2leftgammalefttrightldotsgammanlefttrightright

vdots

gammanlefttrightgammanleftgamma1lefttrightldotsgammanlefttrightright



V are the component functions of Vin U

Theorem fundamental theorem for ODEs

Suppose UsubseteqmathbbRn isopen and let
VUrightarrowmathbbRn

be a Cinfty vector valued function
Consider the

system ofODE

gammailefttrightVileftgamma1lefttrightldotsgammanlefttrightrighti2ldotsn
gammaileftt0rightci i1ldotsn

l it gammaleftt0rightleftc1ldotscnrightinUsubseteqmathbbRn
Their
2 Existence forallt0inmathbbR and x0inU

exists an open
interval J0nit0 and an open

subset U0subseteqU x0inU sit forallcinU0

exists a c1 curve
gamma J0rightarrowU that solves

theODE



2 Uniqueness Any two
solutions r and gamma2

of the ODE are the same on their

common domain

3 Themap thetaJ0timesU0rightarrowU givenby

thetalefttxrightgammalefttright where gammaH is the

unique 50th
w gammaleftt0rightx is a smooth

map.Prop

let V be a
smooth vector field on

a C manifoldM
Then forallfinMexistsvarepsilon0

and a cinfty curve gammaleftvarepsilonvarepsilonrightrightarrowH
that is

an integral curve of
V starting

at p

Thus givenany
VinxleftMrightexists integral

curve for some short
time whichstarts from

the given point



Remark The fundamental theorem only
guarantess

the existence of 8 on

leftvarepsilonvarepsilonright but not necessarily
on whole

IR.Summary
more properties of the

Lie

bracket
understood what integral cues

of a given v f are and

also saw that they always existandoncewe proscribe a starting point they
are

unique

In the next in person
lecture

properties of integral
cures

flowsof vector fields

0x


